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the power-exponential potentials is considered as we study poten-
tial-shape effect. The power-exponential potential proposed is
ﬂexible enough to be applicable to both the self-assembled and
electrostatic quantum dots. The commonly used model conﬁne-
ment potentials, i.e. the parabolic and rectangular potential wells,
can be obtained as the limit forms of the power-exponential poten-
tial. The photoionization cross section associated with intersub-
band transitions in a spherical symmetry quantum dot with the
power-exponential potentials have been calculated by using the
numerical matrix diagonalization method and optimized basis sets
in an effective-mass Hamiltonian approach.
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D license.1. Introduction
Semiconductor quantum dots (QDs) are one kind of useful quantum structures which can be
fabricated by directly self-organized growth [1]. A lot of research has been carried out on QD-based
opto-electronic devices. In quasi-zero-dimensional QD systems, the additional quantum conﬁnement
dramatically changes the electronic and optical properties, compared to those in higher-dimensional
structures, as the whole single-particle spectrum is now discrete. QDs may be fabricated in different
shapes, for example, disk-like (cylindrical) shape [2] and spherical shape [3,4]. The spherical shape
QDs are formed from semiconductor nanocrystals embedded in either an isolating [4] or a
272 W. Xie / Superlattices and Microstructures 65 (2014) 271–277semiconducting matrix [3]. Earlier magneto-optical experiments together with generalized Kohn the-
orem suggested that the conﬁnement potential in a QD would be more or less parabolic. Hence, in
most studies, a harmonic oscillator potential is used to describe the conﬁnement of particles in
QDs. However, the parabolic potential possesses inﬁnite depth and range. It is inappropriate for a
description of the experimentally measured charging of the QD by the ﬁnite number of excess elec-
trons. Obviously, the conﬁnement potentials of electrons in QDs can possess various shapes depending
on their origin and a structure of the QD [5]. The knowledge of the realistic proﬁle of the conﬁnement
potential is important in theoretical studies of the electronic and optical properties of the QDs. Ada-
mowsky and co-worker have successfully used a Gaussian conﬁning potential for the investigation of
the properties of excess electrons in QDs [6]. This model potential is smooth and possesses a ﬁnite
depth and a characteristic ﬁnite radius. Some experimental results also suggest that the real conﬁning
potential is nonparabolic and possesses a well-like shape.
Since with the addition of impurities, the properties of any quantum device change dramatically.
Hence, the understanding of the donor impurity states in the QD systems is an important problem.
In the optical transition of quantum conﬁned systems, the analysis of the donor impurity states is also
inevitable because the conﬁnement of quasiparticles in such structure leads to the enhancement of the
oscillator strength of electron-impurity excitations. Meanwhile, the dependence of the optical transi-
tion energy on the conﬁnement strength allows the tunability of the resonance frequency. Hence, a
number of theoretical investigations for a donor impurity in QDs have been carried out [7–15]. Re-
cently, many works have already reported the nonlinear optical properties for a donor in QDs because
the conﬁnement of carriers in such structure leads to the enhancement of the oscillator strength of
electron-impurity excitations [16–20].
Without deﬁning the type of a QD (i.e., deciding on the simpliﬁed but universal model), we assume
that the conﬁnement potential of a QD should possess the following properties: (1) the ﬁnite depth
and range, which result from the ﬁnite band offset and the ﬁnite size of the QD; (2) the variable soft-
ness, which allows us to account for a compositional modulation (alloying) and strain effects in the
QDs; and (3) the approximate paraboloid near the QD centre.
In the present paper, we will focus on studying the photoionization cross section (PCS) of a neutral
donor conﬁned in a spherical symmetry QD with the power-exponential potentials. These potentials
possess the ﬁnite depth and range and, in the vicinity of the dot center, can be approximated by the
parabolic potential. Contrary to the rectangular potential well, the power-exponential potential wells
are smooth at the QD boundaries, which permit us to model a compositional modulation within the
QDs [21]. By using the matrix diagonalization method and the compact density-matrix approach,
we will investigate the potential-shape effects of QDs on the PCS of a neutral donor. Furthermore,
we will investigate the inﬂuences of the geometrical size of the dot and the impurity ion position.
2. Theory
We consider one electron with an off-center ionized impurity conﬁned by a QD. The Hamiltonian
with the effective-mass approximation can be written asH ¼ p
2
2me
þ Vconf ðrÞ  e
2
 j~r  D! j
; ð1Þwhere the impurity ion locates at D
!
;~r is the position vector of the electron originating from the center
of the dot,me is the effective mass of an electron and  is the effective dielectric constant. The conﬁne-
ment potential Vconf is modeled via a power-exponential potential with the spherical symmetry and is
given byVconf ðrÞ ¼ V0 exp½ðr=RÞp; ð2Þ
where R denote the conﬁnement well position, i.e., the average radius of the QD, and V0 (V0 > 0) is the
height of the potential well. Changing the parameter p we can change the shape of the conﬁning po-
tential from the Gaussian potential well (p ¼ 2) to the rectangular potential well (p !1). These
parameters guarantee the ﬂexibility of the present methodology treating the donor system in QDs.
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Fig. 1. Conﬁnement potentials of a QD (parabolic and power-exponential with p = 2, 4, 10, and 100) as a function of the radius
distance.
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imated by the parabolic potential [22]Vconf ðrÞ ¼ V0 þ c2r2; ð3Þ
where c2 ¼ V0=R2. The power-exponential potential is continuous at the boundary of the QD and the
wave function smoothly goes over from the potential-well into the potential-barrier region. Using the
power-exponential potential we can model the realistic potential proﬁle, which results from the rapid
change of the conduction band edge at the boundary between the layers made of the different atoms.
Such a potential arises in self-assembled QDs and also in electrostatic QDs in the vertical direction [23].
To obtain the eigenfunction and eigenenergy associated with the off-center hydrogenic donor in a
spherical QD, the Hamiltonian is diagonalized in the model space spanned by spherical harmonic
statesWm ¼
X
i
ci/ið~rÞ; ð4Þwhere /ið~rÞ ¼ Rni‘i ðrÞY ‘imi ðh;uÞ is ith spherical harmonic oscillator eigenstate with a frequency x and
an energy ð2ni þ ‘i þ 3=2Þ hx. The principal, orbital, and magnetic quantum numbers of /ið~rÞ are ni; ‘i,
and mi, respectively. Without any loss of generality, we make the assumption that the impurity ion
locates on the z-axis. Then the magnetic quantum number is a good one. The summation in Eq. (4)
includes only the terms with a ﬁxed magnetic quantum numbers m, (i.e., m1 ¼ m2 ¼    ¼ m).
Let N ¼ 2nþ ‘. Let fWKg denote the set of basis functions including all the WK having their N smal-
ler or equal to an upper limit Nmax. It is obvious that the total number of basis functions of the set is
determined by Nmax. After the diagonalization we obtain the eigenvalues and eigenvectors. In our cal-
culation, x serves as a variational parameter to minimize the energies of the low-lying states. Evi-
dently, the eigenvalues depend on the adjustable parameter x.
In order to calculate the matrix elements of Hamiltonian, we use the relation1
j~r  D! j
¼
X1
‘¼0
r‘<
r‘þ1>
P‘ðcosHÞ; ð5Þwhere r< ¼minðr;DÞ; r> ¼maxðr;DÞ, andH is the angle between~r and ~D. The matrix elements of H are
then given by the following expressions,hWm j H j Wmi ¼
X
i;j
f½2ni þ ‘i þ 3=2hxdi;j þ Uijg; ð6Þ
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Z 1
0
Rni‘i 
1
2
mex2r2  V0 exp½ðr=RÞpÞRnj‘j r2dr
 
þ
X‘iþ‘j
‘¼j‘i‘j j
1ð Þmð2‘i þ 1Þ  ð2‘j þ 1Þ
 ‘i ‘j ‘
0 0 0
 
‘i ‘j ‘
m m ‘
 
1
D‘þ1
Z D
0
Rni‘i Rnj‘j r
‘þ2dr þ D‘
Z 1
D
Rni‘i Rnj‘j
1
r‘1
dr
 
; ð7Þwhere‘1 ‘2 ‘3
m1 m2 m3
 
ð8Þis the Wigner 3 j symbol.
The expression of the PCS, starting from Fermion’s golden rule in the well-known dipole approxi-
mation, is given by [16,24]r ¼ neff
n0
 2 nr
e
" #
4p2
3
afsht
X
f
j hWi j~r j Wf ij2dðEf  Ei  htÞ; ð9ÞwheredðEf  Ei  htÞ ¼ 1p
hCf
Ef  Ei  ht
 2 þ hCf 2 : ð10ÞHere nr is the refractive index of the semiconductor, afs ¼ e2=hc is the ﬁne structure constant, ht is the
photon energy and C is the donor impurity linewidth. neff =n0 is the ratio of the effective electric ﬁeld
neff of the incoming photon and the average ﬁeld n0 in the medium. j hWi j~r j Wf ij2 is the usually
squared dipole position matrix element of an optical transition between the initial and ﬁnal states
j Wii and j Wf i, respectively. Ef and Ei denote, respectively, the ﬁnal state energy and the initial energy
of the impurity level. From the feature of the spherical harmonic Y ‘mðh;uÞcos hY ‘mðh;uÞ ¼ B‘1;mY ‘1;mðh;uÞ þ B‘;mY ‘þ1;mðh;uÞ; ð11Þ
whereB‘;m ¼ ‘þ 1ð Þ
2 m2
ð2‘þ 1Þð2‘þ 3Þ
" #1=2
; ð12Þcan obtainedhn0‘0m0 j r cos h j n‘mi ¼ ½B‘1;md‘0 ;‘1 þ B‘;md‘0 ;‘þ1Un‘n0‘0dm0 ;m: ð13Þ
withUn‘n0‘0 ¼
Z 1
0
Rn‘ðrÞRn0‘0 ðrÞr3dr: ð14ÞHence, in spherical QDs, the selection rules ðD‘ ¼ 1Þ determine the ﬁne state of the electron after
the absorption. Hence, the L ¼ 0 state is taken as the ground state and the L ¼ 1 state is taken as the
ﬁnal state.
3. Results and discussion
Let us now study effects arising due to the change of the conﬁnement potential shape. In this
section, the PCS of a neutral donor given by Eq. (9) is calculated numerically for GaAs QDs. The param-
eters used in the computation are: me ¼ 0:067m0, where m0 is the free electron mass,
 ¼ 12:5;C ¼ 1=0:14 s1;V0 ¼ 336:69 MeV and nr ¼ 3:2. Fig. 2 shows that the PCS of a donor impurity
in a QD with the power-exponential potentials as a function of the incident photon energy ht for
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Fig. 2. Dependence of the PCS of a donor impurity in a QD with the power-exponential potentials as a function of the incident
photon energy for different parameter values of the conﬁnement potential.
W. Xie / Superlattices and Microstructures 65 (2014) 271–277 275different spherically symmetric potentials. In Fig. 2, R and D are set to be 10.0 nm and 3.0 nm, respec-
tively. From this ﬁgure we can ﬁnd that the conﬁnement potential shape of the QD on the photoion-
ization of a donor impurity is signiﬁcant. We ﬁnd that the peak positions of r shift to higher energies
(blue shift) with increasing the parameter p. This blueshift occurs because the energy difference Ef  Ei
between the Wi and Wf states will increase with decreasing p. Fig. 2 also shows that the peak inten-
sities of r decrease with decreasing p. This effect results from a softening of the conﬁnement potential
with decreasing p, i.e., the photoionization of a donor impurity in QDs increases if the potential be-
comes more soft (p is smaller). Hence, the PCS increases, if we change the conﬁnement-potential shape
from the Gaussian potential well to almost rectangular one (p = 10). This increase of the PCS results
from the decreasing penetration of the wave function into the barrier region and the increasing the
magnitude of the transition matrix element with increasing p.
Furthermore, in order to see clearly the inﬂuence of the QD size on the photoionization, we plot, in
Fig. 3, the PCS of a donor impurity in a QD with the power-exponential potentials as a function of the
incident photon energy ht for three different dot radii. Here, the QD effect is also taken into0 50 100 150 200
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Fig. 3. Dependence of the PCS of a donor impurity in a QD with the power-exponential potentials as a function of the incident
photon energy for different values of the dot size.
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Fig. 4. Dependence of the PCS of a donor impurity in a QD with the power-exponential potentials as a function of the incident
photon energy for different values of the impurity ion position.
276 W. Xie / Superlattices and Microstructures 65 (2014) 271–277consideration for p = 2 case. In Fig. 3, D is set to be 3.0 nm. The plots indicate that the all peak positions
of r shift to lower energies (red shift) with increasing R. This redshift occurs because the energy dif-
ference Ef  Ei between theWi andWf states will decrease with increasing R. Fig. 3 also show that, as R
is increased, the peak values of the PCS increase. The reason is that the magnitude of the transition
matrix element increases because the wave functions overlapping between the Wi and Wf states in-
creases with increasing R. This result is in good agreement with that of Ref. [16] in small dot cases.
However, as dot radius further increased, our result is obviously different from that of Ref. [16]. Our
result shows that the PCS increases slowly and that of Ref. [16] decreases with increasing R in large
QDs. This difference is decided by the height of the potential well, the parameter p and the position
of the impurity ion.
Finally, in order to see the inﬂuence of the impurity ion position, we plot, in Fig. 4, the PCS as a
function of the incident photon energy ht for three different positions. Here, the QD effect is also taken
into consideration for p = 4 case. In Fig. 4, R is set to be 10.0 nm. We note that the peak positions of r
shift to lower energies (red shift) with increasing D. This redshift occurs because the energy difference
Ef  Ei between the Wi and Wf states will decrease with increasing D. On the other hand, we ﬁnd that
the peak values of the PCS increase with decreasing D. Therefore, the impurity ion position has an
important inﬂuence on the photoionization of a donor impurity in QDs.
4. Conclusions
In conclusion, we have investigated the photoionization of a donor impurity in a QD with the
power-exponential potentials. The results are presented as a function of the diffusion photon energy.
It has been shown that the PCS of a donor impurity in QDs is strongly affected by the shape of the
power-exponential potentials, the geometrical size, and the impurity ion position. As the shape
parameter of the conﬁnement potentials increases, the peak values of the PCS of a donor impurity
in QDs will shift to lower energies and increase. The results also show that the PCS of a donor impurity
in QDs is strongly affected by the dot size and the impurity ion position. Our results are important to
the experimental studies, and may have signiﬁcant inﬂuences on improvements of optical devices
such as far infrared laser ampliﬁers, photo-detectors, and high-speed electro-optical modulators.
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